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We give a variation of a theorem of Gelfond. One of the corollaries is 
Schneider’s conjecture that either exp(e) or exp(e”) is transcendental. It also 
follows that at least one of the numbers exp(a), exp@), exp(c?) is transcen- 
dental for any nonzero complex number cy. 
1. INTRODUCTION AND STATEMENT OF REsuLTs 
Gelfond showed that certain numbers cannot all lie in any field of 
transcendence degree less than two over the rational numbers (see [3, 
pp. 128-1621). His investigations have been continued recently by Shmelev 
[5], Tijdeman [7], and Brownawell [l]. In this paper we present a variant 
of one of Gelfond’s proofs. This variation is based on an improvement 
(Lemma 4) of one of Gelfond’s lemmas. We will deduce various new 
transcendence results, including the solution to a conjecture of Schneider, 
from the following general theorem. 
THEOREM. Let 01, p, y be nonzero complex numbers with 01 and fl not 
rational. If ey and eav are both algebraic numbers, then at least two of the 
numbers 
a, /I, y, eev, emBy 
are algebraically independent over Q. 
We list some of the more interesting consequences of the theorem with 
the choice of OL, /3, y noted in parentheses. 
COROLLARY 1. If 7 is a nonzero complex number, then at least one of the 
numbers exp($, exp(T2), exp(q3) must be transcendental (a = /I = y = 7). 
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COROLLARY 2. If 7 # 0 is algebraic over Q(e), then at least one of the 
numbers exp(v), exp(q2) must be transcendental (a = p = q-l, y = v2). 
As a special case of Corollary 2, we have the result conjectured by 
Schneider [4, p. 138, Problem 81. 
COROLLARY 3. At least one of the numbers exp(e), exp(e2) must be 
transcendental (a = /3 = e-l, y = e”). 
COROLLARY 4. At least one of the fohowing alternatives holds 
(a = /3 = i/5-, y = 7r2): 
(i) exp( n2) is transcendental, 
(ii) e and rr are algebraically independent. 
COROLLARY 5. If v 4 Qi is algebraic over Q(n), then at least one of the 
numbers exp(rq), exp(+T2) is transcendental (a = /3 = i/q, y = niy2). 
COROLLARY 6. Let 77 # 0 be algebraic and let log v denote any nonzero 
choice of a logarithm for 77. Let r E Q be nonzero. Then at least one of the 
numbers 
must be transcendental (LX = /3 = log-’ 7, y = log2r+1 7). 
Another problem of Schneider [4, p. 138, Problem l] is, in essence, 
the investigation of the transcendence of at least one of the numbers 
ey, eny, eSY, enSy. See also [3, p. 11, Remark]. The Hermite-Lindemann 
theorem asserts the transcendence of eY when y is algebraic. The Gelfond- 
Schneider theorem implies the transcendence of at least one of the numbers 
when either 01 or /I is algebraic. Our theorem solves Schneider’s Problem 1 
in case the numbers 01, /I, y all lie in a field of transcendence degree one 
over Q. 
COROLLARY 7. If 01, /3, y are nonzero complex numbers from a field 
of transcendence degree one over Q with (Y and /3 irrational, then at least 
one of the numbers 
eY 
2 
@Y, eSY, @BY 
must be transcendental. 
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2. TECHNICAL PRELIMINARIES 
Before we can discuss the proofs, we must have a certain amount of 
technique at our disposal. We will be working in a tower of fields 
Q C K C K(w) C L, 
where K = e(o,) with w1 integral of degree m over Z, w is transcendental 
over Q, and L = K(w,) with o2 integral of degree n over Z[w, w,]. We 
shall use the symbol IL to denote the ring Z[w, , w, c+]. 
Using long division by the manic polynomials for w1 and w2 to reduce 
the powers of o1 and w2, one proves the following lemma (compare 
[4, p. 491 and [S, Lemma 71). 
LEMMA 1. There are constants d and h such that for any t E N, if 
a, E IL , 1 < 7 < t, 
where ~l,,,~, E Z, 1 ~l,,,~~ 1 < A, , then we can write 
where 01,,~, E Z, 
s < td + i d,, 
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Proof. Note that we can write each ~2, 0 < v3 < 2n - 2, as 
and each wia, 0 < Z+ < 3m - 3, as 
(2) 
where the /3’s and y’s lie in Z. Let B E R be at least as large as the largest 
absolute value of the KS and G E R similarly dominate the largest absolute 
value of the y’s. 
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Substitute first (1) and then (2) into 
where the sum is taken over all O<pl, p2<m-11, O<S,<d,, 
0 < 6, d 4, 0 < ~1, v2 < n - 1. Then we have the product expressed 
in the form required with integer coefficients whose absolute values are 
bounded by 
m4n3(1 + max d(y3))(l + min(d, , d,)) A,A,BG (3) 
and with degree in w  bounded by dI + d, + max d(v3). 
Set d = max d(v,), 0 < v3 < 2n - 2, and h = n3m4(1 + d) BG. Then 
we have a slightly stronger result than claimed for t = 2. We induct on t, 
using (3), to get a slightly stronger result than claimed for every t E N. 
When elements of IL are written as in Lemma 1, we shall say that they 
are in normal form. Moreover, the degree of an element of I, will be the 
highest power of o involved when the element is written in normal form. 
Similarly the height of an element of II, will be the largest absolute value 
of the integer coefficients in the normal form of the element. 
LEMMA 2. Let 
allxl + *.* + a,gxl, = 0 
643 + ... + ahgli = 0 
be a system of h linear equations in k unknowns with coefficients aij E IL 
with 
degree aij < d, 
height aij < H, 
for all i, .j. Assume that k 3 16h. Then there exists a nontrivial solution 
xi E I, , i = l,..., k, with 
degree xi < d, 
for each i. 
height xi < 4(d + 1) kmnH, 
Proof. The proof utilizes Siegel’s well known lemma on homogeneous 
linear integral equations [2, p. 11; 3, p. 3; 4, p. 1391. To this end, we 
imagine each Xi written out in normal form 
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with S < d. When we multiply xi by any coefficient aij of our system of 
linear equations, we get an element of I, whose degree in w1 is bounded 
by 2m - 2, in w  by 2d, and in w2 by 2n - 2. We then formally set the 
coefficient of each monomial in each linear equation equal to zero. In this 
manner, each original equation yields at most (2m - 1)(2d + 1)(2n - 1) 
equations in the Q,’ s with integer coefficients which are bounded in 
absolute value by H. To solve our equations, we have k(d + 1) mn 
unknowns. 
But k 3 16/z, and so 
k(d + 1) mn > 16h(d + 1) mn 
> 2h(2m - 1)(2d + 1)(2n - 1). 
Thus, by Siegel’s lemma, there is a nontrivial solution for the or’s in 
integers which are bounded in absolute value by, say, 4k(d + 1) mnH. 
LEMMA 3 (Tijdeman). Let as, &,EC,I <‘s<qandO<k<p-I. 
Let D = max 1 01~ I. Suppose that the function 
8 
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f(z) = c 1 Akszkeagz 
k=O s=1 
is not identically zero. Then the number of zeros off, counting multiplicities, 
in any closed disk of radius R in C is at most 
3pq -+ 4RD. 
For a proof of Tijdeman’s result, see the corollary to Theorem 1 [5]. 
LEMMA 4 (see [2, Theorem 11). Let a > 1 and suppose that (S,)r=‘=, 
and (y>L1 are positive, strictly monotonic, unbounded sequences such that, 
for each n E N, 
S n+l G as,, yn+l < ay, . 
Let (Y E C. If there is any sequence of nonzero polynomials P, E Z[x] such 
that for all n E N 
degree P, < 6, , 
height P, < eYn, 
log I Pn(4 < -Pa + 1) UY, + %A 
then 01 is algebraic and, for each n E N, P,(a) = 0. 
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Remark. In the proof that follows, we need not know that any of 
the numbers oi, /3, y, coy, easy is transcendental in order to achieve the 
desired contradiction. Thus, in particular, the proof is independent of 
such results as those of Hermite-Lindemann and Gelfond-Schneider. 
Similar remarks apply to the proofs of [3, pp. 128-162; 5; 7; 11. 
3. PROOF OF THE THEOREM 
We shall derive a contradiction from the supposition that the numbers 
a?, p, y give a counterexample to our theorem. If 01, p, y do present us 
with a counterexample, then there is some Galois extension K of Q of 
degree m containing the numbers ey and e &y, There is also a transcendental 
number o and a Galois extension L of K(w) of degree n with 01, /3, y, 
es”, e&By E L. Selecting primitive integral elements w1 for K over Z and 
w2 for L over Z[wl , w], we can apply the results of Section 2. 
Let S, , S, E N such that S1ey, S2eoly E Z[wl]. Let Ti E Z[w, , w], 
1 < i < 5, be nonzero such that 
Tlol, T$, T3y, T4eBy, Tgedfly E I, = Z[w, , w, w,]. 
Finally, denote the products S,S, and T,T,T,T,T, by S and T, respectively. 
Let N be an integral parameter, which we shall later let tend to infinity, 
and define 
p(N) = [P/(log N)‘/“]. 
Consider the general exponential polynomial 
hdz) = C &zK exp(szh 
where the A,, E IL will be chosen later, L = (il , i2), 01, = i1 + i2cx, and 
the sum is taken over all K, L with K, i, , i2 E Z, 0 < K <p(N), 0 < il, 
i2 < N. We would like to select the A,, , not all zero, so thatf, will have 
a zero of order at least p(N) at every lattice point 
0 <j, < [zqlog N)1’2]/4, 
By Leibnitz’s rule, 
0 <j, < [N/(log Aqq4. 
(4) 
(-$’ (eazzi) = eaz i ( ! ) & a~-~Zi-r, 
r=0 
(5) 
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for any a E C and i E Z. We know that when j is given by (4), each 
S[N*(logN)“2]T1’(N)OIPjT exp(ja), (6) 
0 d fJ, T < p(N) lies in IL . Since the numbers ey and ear do not contribute 
to the degree in (6), Lemma 1 implies that the number in (6) has 
degree < p(N), 
log height < N2(log N)1/2. 
(7) 
(Here, as below, the positive constants implicit in our use of Q are 
independent of N.) 
In the application of (5) which we have at hand, (f) < pp < p(N)pfN) 
and i!/(i - r)! d P(N)“(~). Thus, in view of (5) and (7), when we evaluate 
S[N2(10gN)1’alTB(N)(d/dz)p(zK exp(aLz)), (8) 
0 <p, K <p(N), at the lattice points given in (4), we obtain elements 
of IL with 
degrees <P(N), 
log height < N2(log N)l12 + p(N) log p(N) 
Q ZP(log N)‘/2. 
Multiplying (8) by A,, , evaluating at the lattice points of (4), and 
setting the sums over K and L equal to zero insures that fN has zeros of 
order at least p(N) at the points (4). In this manner we get a system of 
homogeneous linear equations in the unknowns A,, whose coefficients 
lie in IL and have 
degrees < p(N), 
log height < N2(log N)l/2 + log(iVp(Zv’)) 
Q ZP(log N)‘/2. 
But the 
and the 
number of equations < N2p(N)/16, 
number of unknowns = N2p(N). 
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Thus, by Lemma 2, we know that there is a nontrivial solution for the 
A,, in IL such that each A,, satisfies 
degree -6, < P(N), 
log height A,, < N2(log N)1!2. 
(9) 
Since at least one of the A,, is nonzero and oi is irrational, fN is not 
identically zero. In fact since j3 is irrational, the points of (4) are distinct. 
Thus, Lemma 3 shows that for some N,, , whenever N 3 N, , fN does 
not vanish to an order of p(N) at some lattice point 
PN = jly + j2By, (10) 
with 0 <j, < 2[N(log N)‘/“], 0 <j, < 2[N/(log N)l12]. Let us say 
A, = f?)(BN) f 0, 0 < pN < P(N). 
We shall apply the Cauchy integral formula to estimate the absolute 
value of AN . Since fN has a zero of muhiplicity at least p(N) at each 
point of (4) when N >, NI > No, we can write 
where the product is taken over all the lattice points j given in (4), the 
curve I’ is the circle 1 z ( = N312, and r’ is the circle I w  ( = N2. Now by 
(9), for w  on P, 
1% ifNr(w)I < N3- 
Moreover, when N > N, > NI and z is on I’, 1 z - /IN 1 > 1 and the 
absolute value of each (z - j)/(w - j) is at most, say, 4N-l12. Thus, 
keeping (9) in mind, we see from (11) that when N 3 N3 > N, , 
log I AN I < Pi - (N2/ 16) p(N)(log NY2 + N3 
< -N2p(N) log N. 
We can, therefore, conclude that when N > No > N3 , 
with 
0 # T2e(N)S2[N2(logN)“*lAN = P(w, , w, w2) E IL 
log I f%Jl~ w, ~211 Q -N2~W) log N 
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and, by Lemma 1, 
degree P(w, , UP w2> Q Pm, 
log height P(wl , 0, 02) < N2(log N)l/2. 
WI 
Since L is Galois over K(o), the conjugates v1 = w2 , q2 ,..., vn of w2 
over K(W) lie in L also. Let dl ,..., d, E Z[q , w] be nonzero such that 
d 1% 7***, d nvn lie in IL . Then by (12), 
log / d;-lP(w, , 0, ($+>I < N2(log w2, 
2 < i < n. Thus, when N 3 N5 3 N4 , 
0 # fj d;-Wo, , w, q+> = Qtw, , w> E Zb, , ~1 
i=l 
with 
log I Qh 9 w)I < -N2p(N) log N. 
But by Lemma 1, we know also that 
degree Qh ,o> Q 100, 
log height Q(q , w) < N2(log N)lj2. 
(13) 
Since K is also Galois over Q, the conjugates qI = w1 , v2 ,..., ynz of 
wr over Q lie in K also. Let dl’,..., d,’ E Z be nonzero such that 
4’91 ,..., dm’rlm E Z[w,]. Then by (13), when 2 < i < m, 
log 1 d;“-‘Q(qi , w)l < N2(log N)lj2. 
Once again taking a norm, we find that when N 2 N6 > N5 
0 # P&u) = fi d,‘“-lQ(vi , w) E Z[w], 
i=l 
log 1 P&J)/ < --rNwq log N, 
with r > 0 independent of N. By Lemma 1 we know that for some 
s, t E N, independent of N, 
degree PN < MN), 
log height Phr < tN2(log N)lj2. 
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When N > N, > N6, we have (4s(s + t) r-1)2 < log N and 
(N + 1)2 (log(N + l))‘l”/N”(log N)lj2 < 3/2. 
Consider the sequence of polynomials (PN)gS=N, . Letting a = 3/2, 
6, = sp(n + N, - I), 
yn = (n + N7 - 1)2 (log(n + Ni - 1))112, 
we see that the sequence of polynomials satisfies the hypotheses of 
Lemma 4 with respect to w, but not the conclusion. This contradiction 
establishes the theorem. 
Note added in proof. M. Waldschmidt has independently obtained the main result 
of this article. His proof is also to appear in this journal. 
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